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ABSTRACT

Nonlinear mode coupling is observed to create striking patterns of frequency splitting in waves excited on a nonneutral plasma column. The
patterns are caused by the nonlinear interaction of a diocotron mode with up to five other magnetized plasma modes. The explanation of
these patterns has led to the development of a novel and general eigenmode analysis for ideal fluid and plasma systems, involving inner
products based on the wave energy or wave angular momentum, and with respect to which the modes form an orthogonal basis. The theory
employs and clarifies the connection between conservation laws and the Hermitian (or anti-Hermitian) properties of the linearized dynamics.
Consequently, the general approach to nonlinear mode coupling presented here is applicable to any ideal nonlinear inhomogeneous fluid or
plasma system.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0301597

I. INTRODUCTION

Nonlinear mode coupling is a fundamental energy transfer pro-
cess in systems that exhibit wavelike phenomena.1,2 In this paper,
we investigate effects caused by nonlinear mode coupling of waves
on a nonneutral plasma column: mixing and frequency shifts
(avoided crossings) of near-resonant magnetized plasma eigenmo-
des coupled through their interaction with a low-frequency dioco-
tron wave. Nonneutral plasmas have several advantages for such
studies: the plasmas can be confined for long periods of time, initial
conditions are reproducible with errors of 1% or less, and the plasma
waves that can be excited have a dense frequency spectrum that
exhibits many possible resonances for low-order mode-coupling
processes.

In Sec. II, we describe experiments in which complex frequency
patterns appear during the excitation of plasma waves on a nonneutral
plasma column. We explain these patterns in Secs. III–VI. In Sec. III,
we briefly review the properties of the linear eigenmodes of a nonneu-
tral plasma in the ideal cold fluid drift approximation. In Sec. IV, we
derive expressions for the wave energy and angular momentum from
the linearized Lagrangian for the wave system. We use these expres-
sions to derive inner products that allow the use of the plasma eigenm-
odes as part of a complete orthogonal basis. This allows an elegant and
complete formulation of the nonlinear mode-coupling equations for
the system in Sec. V. In Sec. VI, we return to the experiments and use

the mode-coupling theory to explain the experimental results in detail.
The results are summarized in Sec. VII.

II. EXPERIMENTS INVOLVING SIMULTANEOUS
EXCITATION OF A MAGNETIZED PLASMA WAVE
AND A DIOCOTRONWAVE

An electron plasma column with a length L of roughly 34 cm is
held in a cylindrical Penning–Malmberg trap, shown schematically in
Fig. 1. The operating principles of such traps are described in Ref. 3.
The plasma is confined axially by applying negative voltages to cylin-
ders L2 and G10, and is confined radially by the applied uniform axial
magnetic field. The plasma radius is roughly 1 cm, and the maximum
electron density is roughly 1:8� 107 cm�3. The applied magnetic field
in the trap is 1:3 T, and the inner radius of the surrounding electrode
structure is rw ¼ 3:5 cm.

A magnetized plasma mode [Trivelpiece–Gould (TG) wave4] is
then excited by applying five cycles of voltage oscillations to cylindri-
cally symmetric electrode H3, at a frequency X=2p ¼ 930 kHz, cho-
sen to be near the frequency of one of the cylindrically symmetric TG
modes. (These modes are described in more detail in Secs. III and VI.)
The mode decays in a few milliseconds and is then re-excited with
another 5-cycle burst, once every 2 s for up to forty separate TG mode
excitations. The measured decay rate of this mode, roughly
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850� 900 s�1, is due to several nonideal effects, but is mainly from
finite resistance in the conducting walls and external circuits.

The plasma response to these excitations is monitored by measur-
ing the image current induced on a second cylindrically symmetric
electrode, G8. The resulting signal is digitized at a rate of 10 MHz. A
spectrogram of the observed signal vs time is shown in Fig. 2. This
spectrogram shows the amplitude of the fast Fourier transform of the
first 2 ms of the digitized signal after each excitation, plotted at the
time of each excitation. In this and in later spectrograms, the time t ¼
0 is the time at which the plasma is trapped. For the first few seconds
after the plasma is trapped, the mode frequency x0 decreases due to
cyclotron cooling of the electron temperature at a rate �c given by the
well-known Larmor formula,5 �c ¼ 0:26 s�1ðB=1 TÞ2, until an equilib-
rium of roughly room temperature is approached.

At time t ¼ 30 s, after plasma injection and trapping, a diocotron
mode6 of relatively low frequency xD=2p � 17 kHz is separately
excited by applying oscillatory voltages to several sectors in electrode
S7 (see Fig. 3). This diocotron mode has an azimuthal mode number
l ¼ 2, varying in h and t as cosð2h� xDtÞ. Directly after the excitation
of the diocotron mode, 3 new mode frequencies are detected in the
image currents on the cylindrically symmetric electrode G8—one at
roughly 100 kHz higher frequency than previously, one at 100 kHz
lower frequency, and one at close to the original frequency. As the dio-
cotron mode decays in amplitude over time, the frequency difference
between these new wall signals decreases. (The diocotron mode

frequency also increases slightly as its amplitude decays, as expected
for these modes.7) At t ¼ 90 s. the plasma is dumped onto a phosphor
screen by grounding cylinder G10, in order to determine the radial
electron density profile.

In Secs. III–VI, we will develop a mode-coupling theory to show
that the observed frequency pattern in Fig. 2 can be explained as a 4-
wave interaction between the diocotron mode and 3 nearly degenerate
magnetized plasma waves. The diocotron mode acts as a pump wave
that mode-couples and mixes the plasma waves. The mode-coupling
theory explains both the frequency pattern and the strength of the sig-
nal for each observed frequency peak. We will also see that the theory
explains other experiments that produce different frequency patterns
when other TG plasma waves are excited in the presence of a dioco-
tron wave.

III. DRIFT THEORY OF WAVES IN A NONNEUTRAL
PLASMA

In this section, we briefly review the theory of electrostatic waves
in a nonneutral plasma consisting of identical positive charges e of
mass m, confined in a Penning trap by a time-independent externally
applied potential with cylindrical symmetry, and by a uniform mag-
netic field in the axial (�z) direction, B ¼ �Bẑ ;B > 0.

For a nonneutral plasma consisting of identical negative charges,
one should replace e by�e and B by�B in all equations (i.e., the mag-
netic field is now in the þz direction). No other changes to the

FIG. 1. Cutaway schematic of the
Penning trap used in the experiments, to
scale, with different electrodes labeled.

FIG. 2. Frequency spectrum vs time of plasma modes observed by monitoring a
cylindrically symmetric electrode. Colors correspond to amplitude in arbitrary units
on the displayed logarithmic scale. At t ¼ 30 s after plasma creation, a diocotron
mode with l ¼ 2 is launched (Fig. 3), producing a pattern of 3 frequency peaks
whose frequencies converge over time. Adapted from Ref. 8.

FIG. 3. Frequency spectrum for the diocotron mode, observed by monitoring a sec-
tored electrode. Colors correspond to amplitude in arbitrary units on the displayed
logarithmic scale. Adapted from Ref. 8.
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equations or results need to be made. For example, the E � B rotation
frequency of the plasma remains in the þĥ direction, and diocotron
waves continue to propagate in theþĥ direction.

For our purpose, it is sufficient to employ ideal cold fluid equa-
tions9 in the description of these waves, involving coupled differential
equations for the plasma number density nðr; tÞ, the fluid velocity
vðr; tÞ, and the electrostatic plasma potential /ðr; tÞ. This ideal cold
fluid description is useful provided that the plasma temperature T is
small enough that the plasma Debye length

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T=ð4pe2nÞp

is small
compared to the wavelength of the waves of interest, and that nonideal
effects (such as collisional, resistive, or viscous wave damping) can be
ignored.

In addition, the applied magnetic field strength B is sufficiently
large so that the drift approximation10 is useful for waves with frequen-
cies at or below the plasma frequency xp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pe2n=m

p
, which are

the waves of interest in this paper. This approximation requires that
the cyclotron frequency Xc ¼ eB=ðmcÞ be much larger than xp.
Higher frequency electrostatic waves (such as upper hybrid waves or
Bernstein waves) are not considered here, nor are electromagnetic
waves.

The dynamics of the system are then described by the following
fluid equations:

continuity

@n
@t

þr � ðnvÞ ¼ 0; (1)

and parallel velocity

mn
@vz
@t

þ v � rvz

� �
¼ �en

@/
@z

; (2)

where the total fluid velocity is v ¼ v? þ vzẑ , and the perpendicular
component v? is given by the E � B drift velocity,

v? ¼ c
B
r/� ẑ : (3)

This system of equations is closed by the Poisson equation,

r2/ ¼ �4pen: (4)

When the plasma is in equilibrium in applied cylindrically sym-
metric confinement potentials, the density is both time and h-indepen-
dent, i.e., n ¼ neðr; zÞ, where neðr; zÞ is the equilibrium plasma
density. The corresponding total equilibrium electrostatic potential
[i.e., the solution of Eq. (4)] is /eðr; zÞ, and the equilibrium fluid veloc-
ity is ve ¼ rxeĥ, where Eq. (3) implies

xe ¼ � c
Br

@/e

@r
(5)

is the equilibrium E � B rotation frequency of the plasma.
In equilibrium, Eq. (2) reduces to�ene

@/e
@z ¼ 0, so /e is indepen-

dent of z inside the plasma (otherwise the z electric field would acceler-
ate charges in the z direction). This implies through Eq. (4) that ne is
also independent of z inside the plasma, i.e., the equilibrium density is
uniform in z inside the plasma and drops sharply to zero at the plasma
ends, whose locations in z as a function of r are determined by the con-
finement voltages. This also implies, through Eq. (5), that within the

plasma xe ¼ xeðrÞ, i.e., the equilibrium plasma rotation frequency is
independent of z.

In the experiments discussed in this paper, the equilibrium den-
sity and rotation frequency neðr; zÞ and xeðrÞ are monotonically
decreasing functions of r. Note that sincexeðrÞ is not uniform in these
experiments, this equilibrium is not a thermal equilibrium. On a time-
scale long compared to the timescales of interest here,11 this equilib-
rium can slowly evolve toward a rigidly rotating thermal equilibrium
in which xe is uniform in r. Slow evolution of the equilibrium can also
occur due to various nonideal effects such as collisions with back-
ground gas or plasma interaction with intrinsic field errors.12 These
effects are not important in the experiments discussed here.

We now consider small perturbations from equilibrium, of the
form nðr; tÞ ¼ neðr; zÞ þ dnðr; tÞ, vðr; tÞ ¼ xeðrÞrĥ þ dvðr; tÞ;/ðr; tÞ
¼ /eðr; zÞ þ d/ðr; tÞ. Then, to linear order in the perturbed quanti-
ties, Eqs. (1)–(4) can be reduced to

@dn
@t

þ xe
@dn
@h

þ c
Br

@d/
@h

@ne
@r

þ @

@z
ðnedvzÞ ¼ 0; (6)

@dvz
@t

þ xe
@dvz
@h

¼ � e
m
@d/
@z

; (7)

r2d/ ¼ �4pedn: (8)

These are the linear equations of motion for perturbations to the
plasma.

A. The state vector and eigenmode expansions
of the linear dynamics

It is useful to introduce the state vector vðr; tÞ ¼ ðdn; dvzÞ that
describes the state of perturbations to the cold fluid system at time t. In
vector form, Eqs. (6)–(8) can then be expressed as

@v

@t
þ L̂ � v ¼ 0; (9)

where the linear integrodifferential operator L̂ is

L̂ � v ¼
xe

@

@h
dnþ c

Br
@ne
@r

@

@h
Ĝdnþ @

@z
ðnedvzÞ

xe
@

@h
dvz þ e

m
@

@z
Ĝdn

0
BBB@

1
CCCA; (10)

where Ĝ is the Green’s function operator for the Poisson equation,
defined by d/ ¼ Ĝdn.

Equation (9) admits solutions that oscillate in time with fre-
quencyx, vðr; tÞ ¼ wðrÞe�ixt , which implies

L̂ � w ¼ ixw: (11)

These oscillatory solutions are the eigenmodes of the linear dynamics.
The eigenmodes fall into two categories: “dynamical” eigenmodes with
x 6¼ 0, and “equilibrium” eigenmodes with x ¼ 0. The dynamical
modes are the standard plasma wave solutions for the bounded
plasma. The equilibrium modes are perturbations that take the system
from one equilibrium to another; for example, an equilibrium with a
different radial density and rotation profile. The equilibrium modes
are often neglected in discussions of plasma waves, but such zero-
frequency modes have been used in other contexts to describe certain
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zonal flows13 in plasma and fluids, geostrophic modes14 in geophysical
flows, and zero-energy modes in condensed matter systems.15

A general state vector vðr; tÞ can be decomposed as a linear com-
bination of these eigenmodes,

v ¼
X
a

aaðtÞwaðrÞ; (12)

where a is a counter (or a set of counters) enumerating the different
eigenmodes.

Note that, since the state vector v is, generally speaking, taken to
be a real quantity, and the eigenmodes are not necessarily real, a sym-
metry property is necessary in order to guarantee that the sum over
the modes in Eq. (12) yields a real result: for every eigenfunction wa
with frequency xa 6¼ 0, there is a second eigenfunction w�

a with fre-
quency �x�

a. This follows by taking the complex conjugate of Eq. (9)
and using the fact that L̂ is real-valued. The complex-conjugate modes
entering Eq. (12) allow the sum to evaluate to a real quantity.

This eigenmode decomposition is facilitated by the fact, proven
in Sec. IV, that the eigenmodes form an orthogonal set with respect to
either of two inner products that are based on integral constants of the
motion: the total energy and the canonical angular momentum. The
energy Ea of a given dynamical eigenmode labeled a is given in terms
of the energy-based inner product by Ea ¼ hwa;waiE , and angular
momentum Pha of the dynamical mode is given by a second inner
product, Pha ¼ hwa;waiPh . We will derive expressions for the inner
products in Sec. IV.

These inner products are generalized inner products, in the sense
that hwa;waiE and hwa;waiPh can be either negative or positive, or
even zero. For example, it is well-known that the z–independent per-
turbations associated with diocotron oscillations on a plasma column
have negative energy and angular momentum.16 Also, Pha ¼ 0 for
h-independent modes.

Note that, for completeness, all eigenmodes must be kept in Eq.
(12), including equilibrium eigenmodes. During nonlinear evolution,
the equilibrium can evolve; for example, as in the nonlinear evolution
of the radial density profile during spatial Landau damping of dioco-
tron modes,17 or in the zonal flows induced by Reynolds stress in tur-
bulent fluids or plasmas.13 Zero-frequency equilibrium eigenmodes
must be included in Eq. (12) to fully capture such behavior. However,
in this paper, we will consider nonlinear processes where the equilib-
rium evolution can be neglected, so we will not have need for the equi-
libriummodes.

Orthogonality of the eigenmodes with respect to the inner prod-
ucts, i.e., hwa;wbiE ¼ hwa;wbiPh ¼ 0 for a 6¼ b, implies that the
Fourier coefficients aa in Eq. (12) can be determined either by

aa ¼ hwa; viE
Ea

; (13)

or by

aa ¼
hwa; viPh

Pha
; (14)

with the caveats that Ea 6¼ 0 and Pha 6¼ 0. Typically, the eigenmodes
have nonzero energy and/or angular momentum in a linearly stable
equilibrium.

It should be noted that eigenmode expansions similar to Eqs.
(12)–(14) have been employed in many previous plasma physics and

fluid dynamics applications. For example, in the simplest versions, the
equilibrium is assumed to be uniform in space so that the eigenmodes
are standard Fourier modes, with straightforward orthogonality rela-
tions.2 In more general systems with spatially nonuniform equilibria,
special cases are scattered through the literature for which eigenmodes
are found to be orthogonal with respect to some inner product.
Examples include diocotron waves,17 TG waves in the infinite mag-
netic field limit,18 electromagnetic waves in a plasma-filled cylindrical
waveguide,19 and systems that can be reduced to a Sturm–Liouville
problem, such as shallow water waves.20

However, for the general TG plasma modes discussed in this
paper, no inner product has been found previously that allows the
modes to be used as an orthogonal basis. Furthermore, the method we
outline in this paper allows the construction of such inner products for
any linear wave system with conserved quantities, such as energy or
momentum, that are quadratic in the dynamical variables.

A general approach to eigenmode expansions for inhomogeneous
equilibria, that uses left eigenmodes (the modes of an operator adjoint
to L̂ for some given [but arbitrary] inner product), can also be employed
to determine the Fourier coefficients aa.

21 However, that method
involves inner products between left and right eigenmodes, to which it
can be difficult to attach physical significance. In our approach, the
inner products are related to constants of the motion, and only the
physically relevant right eigenmodes of the dynamical system are
required, allowing a clear physical interpretation of the theory.

B. Dynamical eigenmodes of a long plasma column

A standard theory approximation for the dynamical eigenmodes
of a long plasma column is to assume flat, stationary plasma ends at
z ¼ 0 and z ¼ L, neglecting the effect of the confining end potentials
on the modes, which allows a simplified description of eigenmode z-
dependence.24 This approximation works best for cylindrical plasmas
that are long compared to their radius,26,27 which is the case in the
experiments of interest here. Even so, the approximation can some-
times break down due to linear mode coupling caused by the confine-
ment potentials when certain resonance conditions are met.18 We
ignore this possibility here. Eigenmode density, potential, and axial
velocity then take the simplified form

dnaðr; tÞ ¼ NaðrÞeilh�ixat cosðkzzÞ;
d/aðr; tÞ ¼ UaðrÞeilh�ixat cosðkzzÞ;
dvzaðr; tÞ ¼ iVaðrÞeilh�ixat sinðkzzÞ;

(15)

where the axial wavenumber kz ¼ mzp=L is quantized by the axial
mode number mz , a nonnegative integer. These modes are standing
waves in z and r, and traveling waves in h. The functions NaðrÞ;UaðrÞ,
and VaðrÞ are real-valued. Equations (6) and (7) relate them to one
another

NaðrÞ ¼ lc
Brx̂a

@ne
@r

þ ek2z
mx̂2

a

ne

 !
UaðrÞ; (16)

VaðrÞ ¼ ekz
mx̂a

UaðrÞ; (17)

where x̂aðrÞ � xa � lxeðrÞ is the Doppler-shifted mode frequency.
[Equations (16) and (17) assume that x̂a 6¼ 0, so they do not hold for
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the continuum modes discussed below.] These modes have been dis-
cussed in detail in several previous publications (see, for example,
Refs. 4, 24, 25, and 27) so we will only briefly summarize some of their
relevant properties here.

There are two types of dynamical eigenmodes: “discrete” modes
and “continuum”modes. The continuum modes have singular density
and potential eigenfunctions due to a resonance at a radius within the
plasma, where xa ¼ lxeðrÞ.17,28 For every radius r within the plasma,
there is a frequency xa that satisfies this resonance condition, so the
spectrum for these modes is continuous.

On the other hand, the discrete eigenmodes have a discrete fre-
quency spectrum, and smooth density and potential eigenfunctions.
These discrete modes can be further classified as either a kz ¼ 0 dioco-
tron “surface mode” or kz 6¼ 0 “magnetized plasma”modes.

For the discrete magnetized plasma and diocotron modes,
Eqs.(6)–(8) can be combined, using Eqs. (15)–(17), into a single ordi-
nary differential equation for the radial dependence of the mode
potentialUaðrÞ,
1
r
@

@r
r
@Ua

@r

� �
� l2

r2
þk2z

� �
Uaþ

x2
pðrÞ
x̂2

a

k2zUaþ 4pecl
Brx̂a

@ne
@r

Ua¼0; (18)

with boundary conditions that UaðrwÞ ¼ 0 and Uaðr ¼ 0Þ
is noninfinite, and where xpðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pe2neðrÞ=m

p
is the plasma fre-

quency. (Similar differential equations can be derived for the contin-
uum modes.7) Since the equation and boundary conditions are
homogeneous, this is an eigenvalue problem for xa. For general equi-
librium radial density profiles, the problem can be solved numerically
to provide UaðrÞ and xa, for example, via the shooting method; ana-
lytic solutions can be obtained in some special cases.4,29

A diocotron mode with positive azimuthal phase velocity occurs
at kz ¼ 0 for each l 6¼ 0, up to some maximum value of jlj which
depends on the equilibrium density profile. For jlj greater than this
maximum value, the diocotron mode is absorbed into the continuum
modes, causing spatial Landau damping of the mode.17 The diocotron
modes are surface density waves on the plasma column, traveling in h
only in the þh direction (i.e., the direction of plasma rotation). The
potentials for these diocotron modes are shown in Fig. 4. For the
experimentally measured density profile shown in Fig. 5, only jlj ¼ 1
and 2 diocotron modes are discrete.

The magnetized plasma modes, with kz 6¼ 0, are compressional
plasma waves. For given values of l and kz there is a set of magnetized

plasma modes, each with a different degree of oscillation as a function
of radius. These modes may be enumerated using an integer index mr

(the radial mode number) increasing from mr ¼ 1, the value that cor-
responds to the lowest-order radial mode with no zeroes in the poten-
tial UaðrÞ within the plasma (excluding the origin); and mr > 1
corresponding to mr � 1 potential zeroes; see Fig. 6 for examples.
Larger mr or jlj produces lower-mode frequencies; larger kz produces
higher frequencies.

For xa=l > 0, the magnetized plasma modes travel around the
plasma column with positive azimuthal phase velocities, i.e., they travel
in the same direction as the plasma rotation. Magnetized plasma
modes with xa=l < 0 travel against the rotational plasma flow. Such
modes are thus, respectively, analogous to the fast and slow electro-
static waves in a beam plasma.30

The oscillations of the perturbed potential as a function of radius
for the magnetized plasma modes shown in Fig. 6 are reminiscent of
the behavior of Bessel functions. In fact, for a uniform plasma column
of radius rp, with uniform rotation frequency, the eigenfunctions can
be described analytically in terms of Bessel functions:4

UaðrÞ ¼ Jlðk?rÞ; r < rp; (19)

where JlðxÞ is a Bessel function of the first kind, and k?, the “perpen-
dicular wavenumber”, is given by solutions to the equation:

k?rpJ 0l ðk?rpÞ þ
2lxe

xa � lxe
Jlðk?rpÞ

¼ Jlðk?rpÞkzrp
I0l ðkzrpÞKlðkzrwÞ � IlðkzrwÞK 0

l ðkzrpÞ
IlðkzrpÞKlðkzrwÞ � IlðkzrwÞKlðkzrpÞ ; (20)

with mode frequencyxa given by

xa � lxe ¼ 6
kzxpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ k2?

p ; (21)

and where IlðxÞ and KlðxÞ are the modified Bessel functions of the first
and second kinds, respectively,31 and primes denote derivatives with
respect to the argument.

For given values of kz and l the solutions of Eq. (20) for k? are
enumerated by the mode number mr with increasing k? for increas-
ing mr . These solutions must be found numerically in general, but
the k? values can also be related in certain cases to the zeros of

FIG. 4. Radial dependence of the diocotron mode potential UDðrÞ, in arbitrary units,
for l ¼ 1 and 2, for the density profile shown in Fig. 5.

FIG. 5. Experimentally measured equilibrium density ne and corresponding rotation
frequency xe used for the eigenmodes shown in Figs. 4 and 6. The measured cen-
tral density is neðr ¼ 0Þ ¼ 1:81� 107 cm�3.
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Bessel functions.24 In Sec. VI we will see that this Bessel behavior is
responsible for frequency degeneracies between different modes that
can lead to strong nonlinear coupling between the modes.

IV. CONSTANTS OF THE MOTION, INNER PRODUCTS,
ORTHOGONALITY, AND OTHER RELATIONS

In this section, we derive constants of the motion for the linear
wave dynamics. We then derive inner products based on these con-
stants of the motion, and prove orthogonality relations involving these
inner products, which facilitate a description of the system as a super-
position of the system eigenmodes.

Constants of the motion can be derived in a number of ways.
One of the most elegant methods is through the use of a Lagrangian
framework, described below.

A. Lagrangian description and constants of the motion

The linearized electrostatic cold fluid drift equations (or any ideal
fluid equations) have a Lagrangian formulation32,33 that can be
employed to derive expressions for certain integral constants of the
motion, i.e., the energy and the canonical angular momentum. For
Eqs. (6)–(8), the fluid Lagrangian L is a quadratic functional of
Lagrangian fluid variables g � ðdrðr; tÞ; d/ðr; tÞÞ where drðr; tÞ
¼ drr̂ þ rdhĥ þ dzẑ is the perturbed position of a fluid element at
time t. The Lagrangian is

L ¼
ð
d3rL; (22)

where the Lagrangian densityL is

L ¼ neðr; zÞ 1
2
mðD̂dzÞ2 � edr � rd/þ eB

2c
r
@xe

@r
dr2 � eB

c
rdrD̂dh

� �
þ jrd/j2=8p; (23)

and where

D̂ � @

@t
þ xeðrÞ @

@h
(24)

is the total time derivative along an unperturbed trajectory. This
Lagrangian density can be derived, using the method described in Ref.
34, from the general nonlinear electrostatic Lagrangian density LNL

for drift dynamics in a uniform magnetic field,

LNL¼niðriÞ 1
2
m

dz
dt
ðri; tÞ

� �2

� e/ðrðri;tÞ;tÞ� eB
2c
rðri;tÞ2 dhdt ðri; tÞ

" #

þjr/j2=ð8pÞ;

where ri is an initial position of a fluid element and niðrÞ is the initial
density.

The action principle

d
ð
Ldt ¼ 0 (25)

then leads directly to the following Euler–Lagrange equations for the
perturbed motion of a fluid element,

D̂dr ¼ c
Br

@d/
@h

; (26)

D̂dh ¼ @xe

@r
dr � c

Br
@d/
@r

; (27)

mD̂
2
dz ¼ �e

@d/
@z

; (28)

r2d/ ¼ 4per � ðnedrÞ: (29)

These equations of motion are fully consistent with the previous linear-
ized equations of motion, Eqs. (6)–(8). This is shown in detail
in Appendix B. There we also show that the Lagrangian variables dr; dh,
and dz are completely determined by the Eulerian variables dvz and dn.

Thus, the state of the system as a function of time is fully specified
by dvzðr; tÞ and dnðr; tÞ. This is to be expected since the linearized
fluid Eqs. (6)–(8) can be integrated forward in time without reference
to dr; dh, or dz.

We are now in a position to derive constants of the motion using
the linearized fluid Lagrangian. Note that the Lagrangian density (23)
can be written as a function of the Lagrangian variables g together
with their first derivatives in position and time, i.e.,

L ¼ Lðg; _g;rg; r; zÞ; (30)

(where _ refers to a partial time derivative). Then, general arguments
for such Lagrangians33 imply that the energy E, a conserved quantity,
is given by

E ¼
ð
d3r _g � @L

@ _g
�L

� �
: (31)

As shown in Appendix B, this expression can be manipulated into the
following form for the wave energy:

FIG. 6. Radial dependence of the magne-
tized plasma mode potential UaðrÞ, in
arbitrary units, for 3 values of radial mode
number mr , and for two values of azi-
muthal mode number l, for the equilibrium
density profile shown in Fig. 5, assuming
that kz ¼ 1 cm�1, and Xc=xpðr ¼ 0Þ
¼ 10. For l ¼ 2, the dashed curves corre-
spond to modes with xa=l < 0, and solid
curves correspond to xa=l > 0.
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E¼
ð
d3r

1
2
mnedv

2
z þ

1
2
ednd/�xe

eB
c
rdr dnþ1

2
dr

@ne
@r

� �� �
: (32)

The first and second terms in the energy are clearly kinetic energy and
potential energy contributions, respectively. The third term, however,
may not be as familiar. Given that it is proportional to the equilibrium

rotation rate xeðrÞ, we might then identify � eB
c rdr dnþ 1

2 dr
@ne
@r

� �
as

an angular momentum density phðr; tÞ so that, when xe is uniform,
the last term has the expected form23 for a rigidly rotating body, xePh
where Ph ¼

Ð
d3rph is the total angular momentum of the body. In

fact, we will now see that this is the case.
Total angular momentum Ph is also a constant of the motion due

to the cylindrical symmetry of the external applied potentials, mani-
fested in the fact thatLðg; _g;rg; r; zÞ is explicitly independent of azi-
muthal angle h. The total angular momentum can then be derived
from the Lagrangian density as33

Ph ¼ �
ð
d3r

@g

@h
� @L
@ _g

: (33)

After some algebra described in Appendix B, this expression for the
wave angular momentum can be reduced to

Ph ¼
ð
d3rð�Þ eB

c
rdr dnþ 1

2
dr

@ne
@r

� �
: (34)

The integrand is equal to the angular momentum density ph that
appears in Eq. (32).

As a check, we can compare Eq. (34) to a previously derived
expression for the angular momentum of z-independent perturbations
in a long plasma column. For such perturbations, dz ¼ dvz ¼ 0. Then,
Eq. (B3) implies dn ¼ �dr @ne

@r , and Eq. (34) becomes

Ph ¼
ð
d3r

eB
2c

rdr2
@ne
@r

¼
ð
d3r

eBr
2c

dn2

@ne
@r

: (35)

This expression agrees with the wave angular momentum for z-inde-
pendent perturbations derived in Ref. 7 using a different method.

B. Inner products

The integral constants of the motion E and Ph are quadratic in
the perturbed dynamical variables, and therefore can be used to define
two separate inner products, each of which can be helpful in analyzing
the linear or nonlinear equations of motion. We construct these inner
products using the following general argument. Consider an
integral constant of the motion P for the linear dynamics, with the
quadratic form

P ¼
ð
d3r v � P̂ � v; (36)

where v is a vector of the perturbed quantities needed to determine the
state of the system, and P̂ is a real-valued spatial operator independent
of time, acting on both left and right state vectors.

We can define a generalized inner product based on this constant
of the motion in the following manner:

hv1; v2iP �
ð
d3rv�1 � P̂

s � v2; (37)

where P̂
s ¼ 1

2 ðP̂ þ P̂
tÞ is the symmetrized operator, and P̂

t
is the

transpose of P̂ , defined as
Ð
d3rv1 � P̂

t � v2 �
Ð
d3rv2 � P̂ � v1. [As an

aside, the symmetric form of Eq. (36) implies that one can choose to
define P̂ such that P̂ ¼ P̂

s
.]

It is then not difficult to show that this inner product satisfies the
property hv1; v2iP ¼ hv2; v1i�P , a required property for any inner
product.

For example, for our plasma system, the state vector can be taken
as v ¼ ðdn; dvzÞ, as previously discussed, with other perturbed quanti-
ties d/ and dr determined in terms of v by relations (8), (B4), (B5),
and (B8). Then, using Eq. (32), we may define an energy-based inner
product between any two (possibly complex) state vectors v1ðrÞ ¼
ðdn1; dvz1Þ; v2ðrÞ ¼ ðdn2; dvz2Þ as

hv1; v2iE � 1
2

ð
d3r

"
mnedv

�
z1dvz2 þ ed/�

1dn2

� xe
eBr
c

dn�1dr2 þ dr�1dn2 þ
@ne
@r

dr�1dr2

� �#
; (38)

and Eq. (34) may be used to define a second inner product based on
angular momentum,

hv1; v2iPh � � eB
2c

ð
d3r r dn�1dr2 þ dr�1dn2 þ

@ne
@r

dr�1dr2

� �
: (39)

If v1 ¼ v2 ¼ v, then hv; viE ¼ E, the energy associated with the state
vector v, and hv; viPh ¼ Ph, the angular momentum of the state.

Some useful properties of these inner products will be derived in
Subsection IVC.

C. Eigenmodes, orthogonality, and completeness

As we previously discussed, an eigenmode w of the linear system,
with frequency x, satisfies the eigenvalue problem Eq. (11) involving
the linear operator L̂. Here, we consider the following general proper-
ties of these eigenmodes. We consider real-valued operators L̂ with a
quadratic integral of the motion P ¼ Ð d3r v � P̂ � v (which could be
energy, angular momentum, or some other integral), and an associated
inner product hv1; v2iP ; see Eqs. (36) and (37).
(1) Mode orthogonality. Any two eigenmodes wa and wb, with fre-

quencies xa and xb, respectively, satisfy hwa;wbiP¼0 provided
that xa 6¼ x�

b.
(2) Linear stability. If an eigenmode wa satisfies hwa;waiP 6¼ 0,

then the eigenfrequency xa is real.

These two properties follow from the well-known spectral theo-
rem35 for Hermitian operators. A proof of the theorem is supplied in
Appendix A. To apply this theorem, we require that the operator L̂ be
anti-Hermitian with respect to the inner product h�; �iP , so that �iL̂ is
Hermitian. The following argument proves the anti-Hermitian prop-
erty of L̂.

The fact that P is a constant of the linearized equations of motion
implies, through Eqs. (36) and (9), that

_P ¼
ð
d3r _v � P̂ � vþ v � P̂ � _v
	 


¼ �2
ð
d3r v � P̂ s � L̂ � v ¼ 0: (40)

Equation (40) is true for all state vectors v, and therefore the combina-
tion operator P̂

s � L̂ is an antisymmetric operator (the operator
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equivalent of an antisymmetric tensor). This implies immediately that,
for any two (possibly complex) state vectors v1 and v2,ð

d3r v�1 � P̂
s � L̂ � v2 ¼ �

ð
d3r v2 � P̂

s � L̂ � v�1; (41)

which, from Eq. (37) and the fact that L̂ is real-valued, is equivalent to
hv1; L̂ � v2iP ¼ �hv2; L̂ � v1i�P . This proves that the operator L̂ is anti-
Hermitian with respect to this inner product.

In addition to the above properties of the eigenmodes of the real-
valued anti-Hermitian operator L̂, it may be shown that the eigenmo-
des also compose a complete set in the sense that linear superpositions
of the modes exhibit convergence in the mean.36 We may therefore
expand any “sufficiently well-behaved” state vector vðr; tÞ as a super-
position of these eigenmodes.

D. Some inner product relations

Finally, we derive a few relations that simplify inner products
involving the dynamical eigenmodes. We begin with an expression for
the inner product hwa; vi of an eigenmode wa ¼ ðdna; dvz;aÞ and a
general state vector v ¼ ðdn; dvzÞ,

hwa; viE ¼ 1
2

ð
d3r

"
mnedv

�
z;advz þ ed/�

adn

� xe
eBr
c

dr�adnþ dn�adr þ
@ne
@r

dr�adr
� �#

: (42)

Assuming this eigenmode is dynamical and discrete, some algebra
detailed in Appendix B leads to the fairly simple result

hwa; viE ¼ 1
2

ð
d3r

xa

x̂a
mnedv

�
z;advz þ ed/�

adn
� �

: (43)

Taking v ¼ wa, we immediately find a simplified expression for
the energy Ea of a discrete dynamical eigenmode wa,

Ea ¼ 1
2

ð
d3r

xa

x̂a
mnejdvz;aj2 þ ed/�

adna
h i

: (44)

A similar set of manipulations applied to Eq. (34) yields the fol-
lowing well-known relation22 between angular momentum and energy
for a dynamical eigenmode,

xaPha ¼ lEa: (45)

We will also have occasion to consider the constants of the
motion as seen in frames rotating with respect to the laboratory frame
at some frequency x/. In this rotating frame, the equilibrium plasma
rotation frequency is shifted to �xeðrÞ ¼ xeðrÞ � x/, and eigenmode
frequencies are Doppler-shifted according to �xa ¼ xa � lx/. Then, it
is well-known that canonical angular momentum takes the same value
in both the rotating and lab frames, �Ph ¼ Ph, and energy is shifted
according to �E ¼ E � x/Ph.

23 These relations also follow directly
from Eqs. (32) and (34). When these relations are applied to Eq. (45),
we find that dynamical eigenmode energy transforms according to

xa�Ea ¼ �xaEa: (46)

This relation is consistent with the well-known fact that jEa=xaj is the
classical action for a linear wave (the “number of quanta” in the

mode), an invariant under frame transformations. Thus, for example,
if we choose a frame rotating at the phase velocity x/ ¼ xa=l of a
given mode a that has a nonzero value of l, then �xa ¼ 0 and the mode
energy in that rotating frame is �Ea ¼ 0.

V. NONLINEAR WAVE INTERACTIONS

The quadratic nature of nonlinearities in the cold fluid equations
implies that the state vðr; tÞ ¼ ðdn; dvzÞ evolves according to an equa-
tion of the form

@v

@t
þ L̂ � vþ Nðv; vÞ ¼ 0; (47)

where L̂ is the linear operator of Eq. (10) and Nðv; vÞ represents qua-
dratically nonlinear terms in the perturbed functions:

Nðv; vÞ ¼ r � ðdndvÞ
dv � rdvz

 !
: (48)

Applying to Eq. (47) an eigenmode decomposition of the system state,
Eq. (12), and taking an energy inner product with respect to the eigen-
mode waðrÞ, results in a set of coupled quadratically nonlinear ordi-
nary differential equations for the time dependence of the amplitudes
aaðtÞ appearing in Eq. (12)

Eað _aa þ ixaaaÞ þ
X
b;c

Ca;b;cabac ¼ 0; (49)

where Ea ¼ hwa;wai, and the nonlinear coupling coefficient Ca;b;c

¼ hwa;Nðwb;wcÞiE .
Equation (49) is an elegant and complete description of the non-

linear coupling between modes in the ideal cold fluid equations. When
mode a is a dynamical eigenmode, Ea is the energy of the eigenmode.
When wa is an equilibrium eigenmode, Eq. (49) describes the nonlin-
ear evolution of the equilibrium.

When mode a is a discrete dynamical eigenmode, the nonlinear
coupling coefficient can be written as

Ca;b;c ¼ 1
2

ð
d3r

xa

x̂a
mnedv

�
z;advb �rdvz;cþ ed/�

ar�ðdnbdvcÞ
� �

(50)

using Eqs. (48) and (43), and the eigenmode energy Ea can be
expressed as

Ea ¼ 1
2

ð
d3r

xa

x̂a
mnejdvz;aj2 þ ed/�

adna
h i

; (51)

see Eq. (44).
In Sec. VIA, we will use these relations to analyze the experimen-

tal results presented in Sec. II.

VI. MODE-COUPLING EXPLANATION FOR THE
EXPERIMENTS

We will now show that the observed frequency pattern in Fig. 2
can be explained as a 4-wave interaction between the diocotron mode
and 3 nearly degenerate magnetized plasma waves, which are mode-
coupled and mixed by the much lower-frequency diocotron mode.
The 3 nearly degenerate waves in this example all have axial wave-
lengths kz ¼ p=L. Their parameters are as follows:
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(1) an l ¼ 0;mr ¼ 2;mz ¼ 1 TG plasma wave with (positive) fre-
quency x0. This is the TG wave that is observed in Fig. 2 before
the diocotron mode is launched at t ¼ 30 s.

(2) an l ¼ þ2;mr ¼ 1;mz ¼ 1 TG plasma wave with frequency
x2 > 0 (i.e., a mode with positive azimuthal phase velocity).

(3) an l ¼ �2;mr ¼ 1;mz ¼ 1 TG plasma wave and frequency
x�2 > 0 (i.e., a mode with negative azimuthal phase velocity).

The mode numbers ðmr ; l;mzÞ are identified by comparing the
observed frequencies to theory, and then by checking their correct z
dependence and h symmetry, comparing signals from the walls at dif-
ferent z positions (G5 and G8) and different sectors on electrodes S4
and S7. The radial dependence of the perturbed potential in these three
waves is plotted in Fig. 7, obtained using a shooting solution of Eq.
(18) for the electron plasma density profile used in the experiment (see
Fig. 5). The length L ¼ 34:9 cm was chosen to match the observed fre-
quency x0=ð2pÞ ¼ 933 kHz of the l ¼ 0;mr ¼ 2 plasma wave just
before the diocotron mode was launched (see Fig. 2). This “effective
length”27 for the mode corresponds closely to the estimated plasma
length of 34 cm in the experiment. The theoretical frequencies of these
3 modes are also given in Fig. 7. The shooting method for the l ¼ 2
diocotron mode itself (see Fig. 4) gives a mode frequency of
xD=ð2pÞ ¼ 16:5 kHz, close to the observed frequency (see Fig. 3).

Note that the three magnetized plasma eigenmodes have nearly
the same frequencies, around 900kHz. This near-degeneracy is impor-
tant in explaining the observed nonlinear coupling between the modes.

This degeneracy is due to a property of Bessel functions. Recall
that Bessel functions appear in the Trivelpiece–Gould (TG) dispersion
relation for waves in plasma columns with uniform density: see Eqs.
(19)–(21). If one plots the even Bessel functions as shown in Fig. 8,
multiplying them by ð�1Þl=2, the functions nearly line up for a large
argument. (A similar plot could be made for the odd Bessel functions.)

Now, the dispersion relation (20) implies that each Bessel zero for
a given l has a correspondence to 6l plasma mode frequencies with a
value of mr given by the order of the Bessel zero, counting from the
left side of Fig. 8. In particular, the second zero of J0ðxÞ is close to the
first zero of J2ðxÞ (the circled pair of zeroes in Fig. 8), and this implies
a near-degeneracy of the l ¼ 0;mr ¼ 2 mode with the l ¼ 62;mr ¼
1 modes.

While the experimental density profile is not uniform (see Fig. 5),
it is close enough so that this near-degeneracy still occurs. The near-
degeneracy causes strong mode coupling in the presence of the low fre-
quency l ¼ 2 diocotron pump wave, and the mode coupling produces
noticeable frequency shifts (avoided crossings) that depend on the dio-
cotron amplitude.

It is also important to note that one normally would not be able
to pickup or excite l 6¼ 0 plasma modes using the cylindrically sym-
metric wall electrodes employed in these experiments. However, the
l ¼ 2 diocotron mode mixes the l ¼ 62 magnetized plasma modes
with the l ¼ 0 plasma mode, allowing them to be excited and picked
up by the cylindrical electrodes. This is why three frequencies appear
when the diocotron mode is excited—they correspond to three mixed
eigenmodes that are different linear combinations of l ¼ 62 and
l ¼ 0, with only the l ¼ 0 component of each linear combination
observed.

One can see in Fig. 8 that there are more near-degeneracies at
larger mr values. For example, the three clustered zeroes just to the

FIG. 7. Solid lines: Cold fluid theory for the perturbed potentials UlðrÞ (in arbitrary
units) and frequencies xl for the three plasma eigenmodes participating in the
mode-coupling occurring in Fig. 2, where l is the azimuthal mode number of the
modes. The eigenmodes and frequencies are obtained using the shooting method
solutions of Eq. (18), for equilibrium density and rotation frequency given in Fig. 5.

FIG. 8. The even Bessel functions J0ðxÞ;�J2ðxÞ; and J4ðxÞ. The circled zeroes
correspond to the nearly degenerate mode frequencies responsible for the fre-
quency pattern shown in Fig. 2.

FIG. 9. Same experiment as in Fig. 2, except that now an l ¼ 0;mr ¼ 3;mz ¼ 1
plasma mode is launched. As before, an l ¼ 2 diocotron mode is also launched at
t ¼ 30 s after plasma creation, resulting in a pattern of 5 frequencies that converge
as the diocotron mode decays. Adapted from Ref. 8.
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right of the circle in Fig. 8 predict that an l ¼ 0;mr ¼ 3 plasma mode
will be nearly degenerate with four other plasma modes, l ¼ 62;mr ¼
2 and l ¼ 64;mr ¼ 1, all with the same mz value. The frequency
splitting corresponding to this high-order degeneracy has also been
observed (Fig. 9). In this experiment, an l ¼ 0;mr ¼ 3;mz ¼ 1 mode
is launched by lowering the excitation frequency X. At t ¼ 30 s, an
l ¼ 2 diocotron mode is also launched, and in this case, the received
spectrum splits into five peaks, corresponding to the expected number
of near-degenerate plasma modes.

On the other hand, for the l ¼ 0;mr ¼ 1 plasma mode, which
corresponds to the first Bessel zero (before the circled zeros in Fig. 8),
there are no near-degeneracies. When this wave is launched and a dio-
cotron wave is added, there is no observed frequency splitting; see
Fig. 10. This “control experiment” is more evidence that the observed
frequency spectra can be explained by nonlinear mode coupling of
near-degenerate plasma waves.

Furthermore, the frequency shifts and the relative strengths of
modes in the spectra can be predicted quantitatively using our
mode-coupling theory, i.e., Eq. (49). As an example, we consider the
data in Fig. 2.

A. Quantitative mode-coupling analysis of Fig. 2

Following Eq. (12) and working in the rotating frame of the dio-
cotron mode, we write the state vector for the mode-coupling process
occurring in Fig. 2 in terms of the relevant eigenmodes,

vðr; tÞ ¼ AwDðrÞ þ a0ðtÞw0ðrÞ þ a2ðtÞw2ðrÞ þ a�2ðtÞw�2ðrÞ þ c:c:;

(52)

where the term proportional to A is the l ¼ 2 diocotron
eigenmode, labeled “D,” and the other three terms in the sum are the
three magnetized plasma eigenmodes labeled by their azimuthal mode
numbers l ¼ �2; 0; and 2. These three modes are standing waves in z

of the form given by Eq. (15), with positive frequencies xl and all with
axial wavenumber kz ¼ p=L. The complex conjugate eigenmodes are
also included in Eq. (52) in order to produce a real state vector.

We now evaluate the nonlinear mode-coupling equation,
Eq. (49), for the state vector given in Eq. (52), which describes the
plasma wave evolution shown in Fig. 2. It is useful to work in the
frame of the diocotron mode, and take the diocotron amplitude A
real, so that the mode is a stationary perturbation to the plasma
shape, making the plasma cross section elliptical with a density
perturbation proportional to 2A cosð2hÞ. The complex plasma
wave amplitudes alðtÞ are assumed to be small compared to A, so
in Eq. (49), we drop nonlinear terms in the al s, but keep nonlinear
coupling to the diocotron mode to first order in A. Then, Eq. (49)
can be evaluated for the time evolution of each amplitude al .
Selection rules in azimuthal mode number l eliminate many non-
linear cross terms, leaving

ð _a0 þ ix0a0Þ�E0 þ Aða2C0;2 þ a�2C0;�2Þ ¼ 0; (53)

ð _a2 þ i�x2a2Þ�E2 þ Aa0C2;0 ¼ 0; (54)

ð _a�2 þ i�x�2a�2Þ�E�2 þ Aa0C�2;0 ¼ 0; (55)

where �El ¼ hwl;wli�E is the energy of eigenmode l, the bars on the fre-
quencies and energies indicate that they are evaluated in the rotating
frame of the diocotron mode, and the coupling coefficients Cl;l0 are

C0;2 ¼ �C0;D� ;2 þ �C0;2;D� ; (56)

C0;�2 ¼ �C0;D;�2 þ �C0;�2;D; (57)

C2;0 ¼ �C2;D;0 þ �C2;0;D; (58)

C�2;0 ¼ �C�2;D�;0 þ �C�2;0;D� ; (59)

where �Ca;b;c refers to nonlinear coupling coefficients in Eq. (49) evalu-
ated in the rotating frame of the diocotron mode, and the subscript D�

refers to the complex conjugate diocotron eigenmode in Eq. (52), pro-
portional to expð�2ihÞ and with negative frequency�xD.

It should be noted that we have simplified Eqs. (54) and (55) by
dropping a nonlinear coupling term proportional to Aa�0 that appears
in both equations, and we have similarly simplified Eq. (53) by drop-
ping terms proportional to Aa�2 and Aa��2. These terms are negligible
compared to those kept, because the natural frequencies of the
complex-conjugate modes are negative, and so they are far from reso-
nance with the positive frequency magnetized plasma eigenmodes
described by Eqs. (53)–(55).

Equations (53)–(55) are linear in the daughter amplitudes and
have constant coefficients, so an eigenmode solution proportional to
expð�i�xtÞ is possible. This converts the equations into the matrix
eigenvalue problem

�i�x

a0

a2

a�2

0
BB@

1
CCAþM �

a0

a2

a�2

0
BB@

1
CCA ¼ 0; (60)

where

M ¼
ix0 AC0;2=�E0 AC0;�2=�E0

AC2;0=�E2 i�x2 0

AC�2;0=�E�2 0 i�x�2

0
BB@

1
CCA: (61)

FIG. 10. Same experiment as in Fig. 2, except that now an l ¼ 0;mr ¼ 1;mz ¼ 1
plasma mode is launched. An l ¼ 2 diocotron mode is also launched at t ¼ 28 s. The
diocotron mode has no effect on the observed frequency spectrum. Adapted from Ref. 8.
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Let us first consider the solutions of this matrix eigenvalue prob-
lem in the infinite magnetic field limit, where �x�2 ¼ �x2 ¼ x2,
U�2ðrÞ ¼ U2ðrÞ, �E�2 ¼ �E2, C0;�2 ¼ C0;2, and C�2;0 ¼ C2;0.

The form of mode coupling for infinite B is similar to what occurs
for drumhead modes of a slightly elliptical drumhead.37 These drum-
head modes are standing waves in h that are either even or odd in h.
The cos 2h perturbation to the drumhead shape causes mode coupling
and frequency shifts for those drumhead modes that are even in h
(corresponding to the upper and lower frequencies seen in Fig. 2). This
is classic avoided crossing behavior for two near-degenerate modes
that are coupled by a perturbation.38 However, no mode coupling or
shifts occur for an odd drumhead mode (corresponding to the almost
unshifted central frequency in Fig. 2), because the odd mode does not
couple to the even perturbation (to lowest order in the perturbation
amplitude A). This simplified summary is fleshed out below.

For B ¼ 1, the characteristic polynomial following from Eqs.
(60) and (61) can be factored, yielding:

ð�x�x2Þ �E0�E2ð�x2� �xðx0þx2Þþx0x2Þþ2A2C0;2C2;0

	 
¼0: (62)

There are three solutions to Eq. (62) for the perturbed eigenmode fre-
quency �x, which we label �xþ; �x�, and �xc, standing for the upper,
lower, and center frequencies observed in Fig. 2. At infinite magnetic
field, the center solution is �xc ¼ x2, unmodified by the diocotron
pump wave. The associated eigenvector is ða0; a2; a�2Þ ¼ ð0; 1;�1Þ.
This corresponds to a potential eigenfunction d/cðr; tÞ ¼ e�ix2tU2ðrÞ
sin 2h cosðkzzÞ. The mode does not couple to the diocotron pump
wave because the eigenfunction has odd symmetry in h while the dio-
cotron mode, proportional to cos 2h, has even symmetry, and this
explains why there is no frequency shift for this mode at the order in A
to which we are working. Because the mode is odd, there is also no
mode coupling to l ¼ 0, so this mode would not be picked up or
excited by the cylindrically symmetric electrodes used in the experi-
ment (if the magnetic field were actually infinite). For a large but finite

magnetic field, there is weak coupling to this mode because it is no lon-
ger exactly of the sin 2h form, and this explains the relatively weak,
almost unshifted, signal for the central mode in Fig. 2.

The upper and lower eigenmode solutions satisfy the quadratic
equation within Eq. (62), yielding the two solutions

�x6 ¼ x0 þ x2

2
6

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � x0Þ2 � 8A2C0;2C2;0=ð�E0�E2Þ

q
: (63)

These frequencies are real because the eigensystem is stable with
�E0�E2 > 0 and C0;2C2;0 < 0 (as we will see later). From Eq. (63), one
can see that strong frequency splitting in the avoided crossing occurs
when the detuning between near-degenerate modes, jx0 � x2j, is
smaller than the nonlinear coupling term A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8jC0;2C2;0=ð�E0�E2Þj

p
.

The corresponding eigenvectors for the upper and lower modes
are ða0; a2; a�2Þ ¼ ðc6; 1; 1Þ where c6 ¼ ðx2 � x07sÞ�E2=ð2AC2;0Þ,
and s is the square root appearing in Eq. (63), a positive real number.
These two eigenvectors correspond to potential eigenfunctions d/6 of
the form d/6ðr; tÞ ¼ e�i�x6tðc6U0ðrÞ þ 2 cos 2hU2ðrÞÞ cosðkzzÞ. For
the infinite magnetic field case used here, these two perturbed eigenm-
odes are standing waves that are even in h, and therefore couple to the
diocotron mode. Also, these eigenmodes have an l ¼ 0 component
that can easily be picked up using the cylindrically symmetric wall elec-
trodes. Equation (63) implies that the frequency shifts for these
two modes are equal and opposite around the average of the l ¼ 0 and
l ¼ 2 unperturbed modes. For near degeneracy, where x0 � x2, the
positive and negative frequency shifts scale roughly as pump amplitude
A, and have roughly equal magnitude l ¼ 0 components to be picked
up on the wall, which is qualitatively what is observed in the experi-
ment for the upper and lower frequency features in the measured spec-
trum, Fig. 2.

To make more quantitative comparisons to the experimental
data, we must evaluate the coupling coefficients and mode energies.
Using Eqs. (50) and (56)–(59), we obtain

C0;2 ¼ 1
2

ð
d3r mnedv

�
z;0dv

�
D � rdvz;2 þ ed/�

0r � ðdn�Ddv2 þ dn2dv
�
DÞ

� �
;

C0;�2 ¼ 1
2

ð
d3r mnedv

�
z;0dvD � rdvz;�2 þ ed/�

0r � ðdnDdv�2 þ dn�2dvDÞ
� �

;

C2;0 ¼ 1
2

ð
d3r

�x2

x̂2
mnedv

�
z;2dvD � rdvz;0 þ ed/�

2r � ðdnDdv0 þ dn0dvDÞ
� �

;

C�2;0 ¼ 1
2

ð
d3r

�x�2

x̂�2
mnedv

�
z;�2dv

�
D � rdvz;0 þ ed/�

�2r � ðdn�Ddv0 þ dn0dv
�
DÞ

� �
;

(64)

where x̂62 ¼ x6272xeðrÞ. To the lowest order in 1=B, we can drop
all E � B drift velocity terms. Applying Eqs. (15)–(17), the coupling
coefficients then reduce to

C0;2 ¼ C0;�2 ¼ ie2k2z c
2mB

ð
d3r

@ne
@r

UDðrÞU0ðrÞU2ðrÞ
rx̂DðrÞx2

; (65)

C2;0 ¼ C�2;0 ¼ ie2k2z c
2mB

ð
d3r

@ne
@r

UDðrÞU0ðrÞU2ðrÞ
rx̂DðrÞx0

; (66)

where UDðrÞ;U0ðrÞ, and U2ðrÞ are the unperturbed diocotron,
l ¼ 0 plasma, and l ¼ 2 plasma potentials, respectively, and
x̂D ¼ xD � 2xeðrÞ is the diocotron frequency in the local plasma
frame. Since the integrands in Eqs. (65) and (66) are real-valued, if
there were an exact degeneracy with x0 ¼ x2, the coupling coeffi-
cients would satisfy C0;2 ¼ �C�

2;0, so that C0;2C2;0 < 0, as we stated
previously. This inequality remains true for x0 6¼ x2 and for large
but finite magnetic field (i.e., where the drift approximation
is valid).
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The mode energies are

�E0 ¼ 1
2

ð
d3r mnejdvz;0j2 þ ed/�

0dn0
� �

¼ 1
16p

ð
d3r

@U0

@r

� �2
þ k2z 1þ x2

p

x2
0

" #
U2

0

( )
; (67)

�E62 ¼ 1
2

ð
d3r

�x62

x̂62
mnejdvz;62j2 þ ed/�

62dn62

� �

’ 1
16p

ð
d3r

@U2

@r

� �2
þ 4

r2
þ k2z 1þ x2

p

x2
2

 !" #
U2

2

( )
; (68)

where the second form in Eq. (68) is for an infinite magnetic field. The
energies are manifestly positive and therefore �E0�E2 > 0, as stated pre-
viously in relation to Eq. (63).

We use the calculated mode energies and coupling coefficients
from Eqs. (64), (67) and (68) to solve for the perturbed mode frequen-
cies �xþ; �x�, and �xc, finding the roots of the cubic characteristic poly-
nomial arising from the eigenvalue problem of Eq. (60). The resulting
frequencies are compared to the measured frequency spectrum in
Fig. 11(a), plotted vs the quadrupole moment q2 of the diocotron
mode,

q2 ¼ jhr2 expð�2ihÞij ¼ AN�1j
ð
d3r expð�2ihÞr2dnDðr; tÞj;

where here h�i is an average over the plasma density, and N is the total
particle number. In the experiment, the quadrupole moment is deter-
mined from the magnitude of the diocotron wall signal (Fig. 3), which
is proportional to q2. This q2 measurement is calibrated by comparing
the wall signal to a direct measurement of q2 via dumps of the plasma
onto the phosphor screen for several diocotron mode amplitudes,
determining the constant of proportionality between the wall signal
and q2. The theoretical frequency splitting in Fig. 11(a) is similar to
that observed in the experiment.

A careful reader might notice that in Fig. 11(a) the theory fre-
quencies for �xþ and �x� as q2 ! 0 do not match those predicted for
x62 given in Fig. 7. This is because these two eigenmodes have fre-
quencies �xþ and �x� when viewed in the rotating frame of the

diocotron mode, but in the laboratory frame, each perturbed eigen-
mode exhibits three separate frequencies caused by Doppler shifts, one
for each azimuthal mode number making up the mode. The perturbed
potential in the upper and lower frequency eigenmodes takes the lab
frame form

d/6ðr; tÞ ¼ ða0e�i�x6tU0ðrÞ þ a2e
�ið�x6þxDÞtþ2ihU2ðrÞ

þ a�2e
�ið�x6�xDÞt�2ihU�2ðrÞÞ cosðkzzÞ þ c:c:: (69)

The only azimuthal component studied in these experiments and plot-
ted in Fig. 11(a) is the l ¼ 0 component, with frequencies �x6 !
�x62 ¼ x627xD as A ! 0; see Eqs. (54) and (55). These Doppler
shifts due to diocotron mode rotation account for the shifted frequen-
cies in Fig. 11(a) as q2 ! 0. Also, Eq. (69) shows that the l ¼ 62 com-
ponents of these two eigenmodes approach the expected frequencies as
A ! 0: �xþ þ xD ! x2 and �x� � xD ! x�2.

A better fit between theory and experiment can be obtained by
allowing a small adjustment to the frequencies x62 of the unperturbed
l ¼ 62 plasma modes when evaluating the matrixM in Eq. (61), with-
out changing the other matrix coefficients. Recall that x0 was already
matched to the experimental measurement, but the unperturbed fre-
quencies x62 were also measured in the experiment and so could also
be matched. The measured l ¼ 2 mode frequency, 964:5 kHz, was
14.5 kHz higher than the prediction given in Fig. 7, and the measured
l ¼ �2 mode frequency, 911:5 kHz, was 21.3 kHz higher, presumably
because the effective length L for these modes27 is slightly smaller than
that for the l ¼ 0 mode. Adding these corrections to the l ¼ 62
unperturbed theory frequencies yield a much better fit to the perturbed
eigenmode frequencies, shown in Fig. 11(b). The theoretical perturbed
frequencies in the presence of the diocotron mode are now almost
identical to the frequencies in the experiment.

The relative amplitudes of the eigenmodes can also be predicted.
The modes are driven with a cylindrically symmetric external potential
/extðr; z; tÞ created by applying Ncycle ¼ 5 cycles at a frequency of
X=ð2pÞ ¼ 930 kHz to a cylindrically symmetric wall electrode.
Equation (47) then has a driving term,

@v

@t
þ L̂ � vþ Nðv; vÞ þ f ðr; z; tÞ ¼ 0; (70)

FIG. 11. Observed frequencies (dots) corresponding to the spectrogram in Fig. 2, and theoretical perturbed TG eigenmode frequencies �xþ; �x�, and �xc (solid lines), vs quad-
rupole moment q2 of the diocotron mode shown in Fig. 3. In (a), the unperturbed (i.e., q2 ¼ 0) mode frequencies x0;x2, and x�2 used in Eq. (61) are the cold fluid theory
predictions given in Fig. 7. In (b), 14.5 kHz is added to x2=2p, and 21.3 kHz is added to x�2=2p, so as to agree with experimental measurement of these unperturbed
frequencies.
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where f ¼ ð0; ðe=mÞ@/ext=@zÞ. This adds a driving term to Eq. (60),
which becomes

@

@t

a0

a2

a�2

0
BB@

1
CCAþM �

a0

a2

a�2

0
BB@

1
CCAþ

f ðtÞ
0

0

0
BB@

1
CCA ¼ 0; (71)

where f ðtÞ ¼ hw0; f i�E=�E0. These coupled linear equations can be
solved using the eigenvalues and eigenvectors of the matrix M.
Introducing the notation a ¼ ða0; a2; a�2Þ, the solution for aðtÞ can
be written in the form

a ¼
X
l

alðtÞel; (72)

where el are the right eigenvectors of M, with index l ¼ þ;�; or c,
and with corresponding eigenvalues i�xlðAÞ. The coefficients alðtÞ
satisfy the uncoupled ODEs,

_al þ i�xlal þ elL
elL � el

�
f ðtÞ
0

0

0
BB@

1
CCA ¼ 0; (73)

where elL are the left eigenvectors ofM. Once the forcing function f ðtÞ
has turned off (i.e., after the five cycles of applied wall voltage), the
solution of Eq. (73) can be written in terms of the Fourier transform
~f ðxÞ of the forcing function f ðtÞ,

al ¼ � elL
elL � el

�
~f ð�xlÞ

0

0

0
BB@

1
CCAe�i�xlt : (74)

The l ¼ 0 component of the potential d/ðr; tÞ is then picked up on a
receiving wall electrode at r ¼ rw, through the resulting induced image
charge. Using Eqs. (15), (52), (72), and (74), the l ¼ 0 potential is

d/0 r; z; tð Þ ¼ �U0 rð Þ cos kzzð Þ
X
l

elL1e
l
1
~f ð�xlÞ

elL � el
e�i�xlt þ c:c:; (75)

where the subscript 1 stands for the first component (the l ¼ 0 compo-
nent) of the eigenvectors. Thus, the strength of each frequency �xl in
the received signal is proportional to the dimensionless factor

sl � elL1e
l
1
~f ð�xlÞ

elL � el












: (76)

The Fourier transform of f ðtÞ has frequency dependence given by

~f ðxÞ ¼ f0
ei2pNcyclex=X � 1

x2 � X2 ; (77)

for some complex constant f0. The resulting signal strengths sl are
plotted vs the diocotron mode quadrupole moment q2 in Fig. 12. The
curves labeled þ;�; c correspond, respectively, to the upper, lower,
and center frequencies in the data of Figs. 2 and 11. Dots are measured
values of the signal strength in arbitrary units. The theory is adjusted
by a single overall amplitude factor for all three curves to best match
the data. Changing the frequencies of the unperturbed modes by as

little as a few kilohertz has a noticeable effect on the shapes of the the-
ory curves; we used the same measured frequency values here for x0,
x2, and x�2 as were used in Fig. 11(b).

For a larger diocotron quadrupole moment q2 the top and bot-
tom frequencies (curves þ and �) have nearly constant strength, fall-
ing off somewhat as q2 increases and the frequencies diverge from the
peak of ~f ðxÞ. The central frequency feature (curve c) has a strongly
decreasing strength with increasing q2, in good agreement with the
measurements. As we discussed previously, the eigenmode corre-
sponding to the central frequency is close to an odd standing wave in h
(when viewed in the rotating frame of the diocotron mode) and there-
fore does not couple well to the even-in-h perturbation of the dioco-
tron mode. Evidently, as the diocotron amplitude increases and the
plasma cross section becomes more elliptical, this mode becomes more
like this odd standing wave; while for small diocotron amplitude, it
approaches the original unperturbed l ¼ 0 plasma wave.

VII. DISCUSSION

In this paper, we report on experiments using a pure electron
plasma column, in which strong frequency shifts and mode coupling
were induced in several near-degenerate plasma modes, caused by the
excitation of a relatively low-frequency diocotron wave. This wave
caused the plasma column to have a slightly elliptical cross section,
and the observed mode-coupling and frequency shifts could be qualita-
tively understood as being similar to the avoided crossings induced in
the standing waves of a slightly elliptical drumhead. These effects were
amplified by the near-degeneracy of the plasma modes, which was
shown to be related to a close correspondence between Bessel func-
tions of even index and large argument. The near degeneracies pro-
duced strong mode coupling and frequency shifts in the frequency
spectra of up to five plasma waves when they were launched simulta-
neously with an l ¼ 2 diocotron mode.

The dependence of the mode frequency shifts on the amplitude
of the diocotron mode and the strength of the different observed
plasma wave signals were explained in detail by a cold fluid theory of
the nonlinear mode coupling between the waves. The theory employed
a novel approach in which mode-coupling coefficients were evaluated
using an inner product based on the wave energy. This inner product
has the useful property that the linear eigenmodes of the system
are orthogonal with respect to it, which greatly simplifies the

FIG. 12. Dimensionless strengths sl of the three frequencies �xl, observed in Figs.
2 and 11, vs diocotron quadrupole moment q2, where the index l takes values
l ¼ þ;�, or c (upper, lower, or central frequency, respectively). Dots: experimen-
tal measurements; curves: Eq. (76).
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mode-coupling theory. The theory makes use of, and clarifies, the deep
connection between conserved dynamical quantities and the
Hermitian (or anti-Hermitian) properties of the linearized system. The
approach is quite general and could be applied to any ideal (energy
and/or momentum conserving) set of fluid or plasma equations.

In the experiments considered here, the mode coupling induced
by the diocotron pump wave produced frequency shifts but did not
induce wave instabilities. However, in several other experiments, we
have observed various nonlinear instabilities induced by mode cou-
pling. These instabilities can also be understood in detail using the for-
malism developed here. These nonlinear wave instability studies will
be presented in forthcoming papers.
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APPENDIX A: THE SPECTRAL THEOREM

Consider a linear operator Ĥ that is Hermitian with respect to a
class of functions ff g that satisfy some given homogeneous boundary
conditions, and with respect to an inner product h�; �i; i.e., for any func-
tions f and g taken from this class, hf ; Ĥ � gi ¼ hg; Ĥ � f i�. Let us
further assume that the operator has eigenvalues xa and corresponding
eigenfunctions wa that are members of the class ff g, and are deter-
mined by the solution of the eigenvalue problem

Ĥ � wa ¼ xawa: (A1)

[In our paper, Ĥ ¼ �iL̂.] Now, we will take an inner product of
both sides of this equation with respect to another eigenfunction wb

hwb; Ĥ � wai ¼ xahwb;wai: (A2)

However, the Hermitian property of Ĥ implies that the left-hand
side of this expression can be replaced by

hwa; Ĥ � wbi� ¼ xahwb;wai: (A3)

Since Ĥ � wb ¼ xbwb, the left-hand side reduces, yielding

x�
bhwa;wbi� ¼ xahwb;wai; (A4)

and this may be rewritten as

ðxa � x�
bÞhwb;wai ¼ 0: (A5)

Thus, if xa 6¼ x�
b, then the two corresponding eigenmodes must be

orthogonal. This is the first part of the spectral theorem for the
eigenmodes of a Hermitian operator.

Now consider the case where we choose a ¼ b. Then, Eq. (A5)
becomes

ðxa � x�
aÞhwa;wai ¼ 0: (A6)

If the eigenmode and inner product are such that hwa;wai 6¼ 0,
then Eq. (A6) shows that the corresponding eigenvalue xa must be
real. This is the second part of the spectral theorem.

Note that in our system, where the inner product is a general-
ized inner product, it is possible that hwa;wai ¼ 0 in which case, it
is also possible for the eigenvalue (i.e.,; the frequency) of the mode
to be complex, indicating an exponential growth or decay of the
mode amplitude. This is physically reasonable for our case, where
the inner product of a mode is related to a conserved quantity, such
as wave energy, proportional to the square of the amplitude. It is
only possible for the mode to vary in amplitude while conserving
this quantity if the quantity equals zero for that mode.

APPENDIX B: RELATIONS BETWEEN EULERIAN AND
LAGRANGIAN VARIABLES, DERIVATION OF WAVE
ENERGY AND ANGULAR MOMENTUM, AND AN INNER
PRODUCT RELATION

We first discuss the equivalence of the Lagrangian equations of
motion, Eqs. (26)–(29), to the Eulerian equations (6)–(8). For exam-
ple, Eq. (28) is clearly equivalent to Eq. (7) once we add the
definition of perturbed parallel fluid velocity,

dvz ¼ D̂dz: (B1)

Equations (26) and (27) can be derived through linearization of the
r and h components, respectively, of Eq. (3). Also, Eq. (29) is equiv-
alent to Eq. (8). This follows from Eq. (6), which can be written as

D̂dnþ D̂dr
@ne
@r

þ @

@z
ðneD̂dzÞ ¼ 0; (B2)

after applying Eqs. (26) and (B1). Equation (B2) can then be inte-
grated to yield

dn ¼ �dr
@ne
@r

� @

@z
ðnedzÞ: (B3)

Note that upon integration, one could add any function f ðr; zÞ to
this expression for dn, but to be consistent with the other equations
of motion f ðr; zÞ can only reflect a change to a slightly different
equilibrium, which is ignored here. We therefore take f ¼ 0.
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This expression for the perturbed density can also be written as

dn ¼ �r � ðnedrÞ; (B4)

proving the equivalence of Eqs. (8) and (29). Equations (B3) and
(B4) are equivalent because

r? � dr? � 1
r
@

@r
ðrdrÞ þ @dh

@h
¼ 0; (B5)

which can in turn be proven by applying r�1 @
@r r to Eq. (26), and

applying @
@h to Eq. (27), which implies

D̂
1
r
@

@r
rdr ¼ � @xe

@r
@dr
@h

þ c
Br

@2d/
@h@r

; (B6)

D̂
@dh
@h

¼ @xe

@r
@dr
@h

� c
Br

@2d/
@h@r

: (B7)

Adding Eqs. (B6) and (B7) together yields D̂r? � dr? ¼ 0, which
when integrated yields Eq. (B5) (again, dropping an arbitrary func-
tion of r and z after integration, for the same reason as before).

There is one more differential relation between the Lagrangian
dynamical variables. Acting on Eq. (26) with rXc

@
@z and on Eq. (28)

with @
@h, we find D̂ rXc

@dr
@z

� �
¼ �D̂ @dvz

@h , which upon integration

yields the relation

rXc
@dr
@z

¼ � @dvz
@h

: (B8)

This relation, together with Eqs. (8), (B4), and (B5), imply that only
dvzðr; tÞ and dnðr; tÞ need be specified at any time in order to deter-
mine the other Lagrangian variables dr; dh; dz; d/ at that time.

Next, we turn to the derivation of the wave energy E, Eq. (32),
starting with Eq. (31). Evaluating this expression using Eq. (23)
yields

E ¼
ð
d3r mned _zD̂dz � eneB

c
rdrd _h �L

� �
: (B9)

This equation can be further reduced by substituting for the
Lagrangian density itself, Eq. (23), and for the time derivatives from
Eqs. (B1) and (27), yielding

E ¼
ð
d3r

"
1
2
mnedv

2
z �mnexe

@dz
@h

dvz þ eneB
c

rdrxe
@dh
@h

þ enedr � rd/� eneB
2c

@xe

@r
dr2 � jrd/j2

8p

#
: (B10)

Integrating by parts on the second and fourth terms, applying
Green’s first identity to the sixth term, and using Eq. (B5) on the
third term, produces

E ¼
ð
d3r

"
1
2
mnedv

2
z þmnexedz

@dvz
@h

� eneB
c

drxe
@

@r
ðrdrÞ � er � ðnedrÞd/

� eneB
2c

@xe

@r
dr2 þ d/r2d/

8p

#
�
ð
S
d2r

d/rd/
8p

� n̂; (B11)

where S is the surface of the surrounding electrodes and n̂ is a unit
vector normal to this surface. Assuming that these electrodes are
held at their fixed equilibrium voltages, we can take d/jS ¼ 0 and
this surface term in the energy can be dropped. We then substitute
for @dvz

@h from Eq. (B8), use Eq. (B4) in the fourth term, apply Eq. (8)
to the sixth term, and rewrite the third term to obtain

E ¼
ð
d3r

"
1
2
mnedv

2
z �mnexedzrXc

@dr
@z

� eneB
2cr

xe
@

@r
ðrdrÞ2

þ 1
2
ednd/� eneB

2c
@xe

@r
dr2
#
: (B12)

We now integrate by parts on the second and third terms
yielding

E ¼
ð
d3r

"
1
2
mnedv

2
z þ

eB
c
xerdr

@

@z
ðnedzÞ þ eB

2c
rdr2

@

@r
ðnexeÞ

þ 1
2
ednd/� eneB

2c
@xe

@r
dr2
#
: (B13)

We then apply Eq. (B3) to the second term, which allows us to com-
bine the second, third, and fifth terms to yield Eq. (32).

Next, we derive the wave angular momentum Ph, Eq. (34),
starting from Eq. (33). Substituting forL from Eq. (23) yields

Ph ¼ �
ð
d3r mne

@dz
@h

D̂dz � eneB
c

rdr
@dh
@h

� �
: (B14)

This expression can be reduced in much the same way as the
manipulations that led to our expression for wave energy, Eq. (32).
We substitute for D̂dz from Eq. (B1) and for @dh=@h from Eq. (B5),
obtaining

Ph ¼ �
ð
d3r mne

@dz
@h

dvz þ eneB
c

dr
@

@r
ðrdrÞ

� �
: (B15)

We then integrate by parts in h on the first term, substitute
from Eq. (B8), and rewrite the second term, yielding

Ph ¼ � eB
c

ð
d3r nedzr

@dr
@z

þ ne
2r

@

@r
ðrdrÞ2

� �
: (B16)

We then integrate by parts in r on the second term and in z on the
first term, and apply Eq. (B3), yielding Eq. (34).

Finally, we derive a simplified form for the inner product hwa; vi
when wa is a discrete dynamical eigenmode and v ¼ ðdn; dvzÞ is any
given state vector. Beginning with Eq. (42) and using Eq. (B3), we can
rewrite dn�a in the angular momentum term as

dn�a ¼ � @

@z
ðnedz�aÞ �

@ne
@r

dr�a ; (B17)

yielding

hwa; viE ¼ 1
2

ð
d3r

"
mnedv

�
z;advz þ ed/�

adn

� xe
eBr
c

dr�adn� dr
@

@z
ðnedz�aÞ

� �#
: (B18)
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We then integrate by parts on the z derivative term and apply
Eq. (B8), obtaining

hwa; viE ¼ 1
2

ð
d3r

"
mnedv

�
z;advz þ ed/�

adn

� xe
eBr
c

dr�adn� nedz�a
Xcr

@dvz
@h

� �#
: (B19)

We now note that the eigenmode varies in h as expðilhÞ, and that
therefore only the Fourier component of v that also varies as
expðilhÞ contributes to the inner product, so we may replace
@dvz=@h by ildvz . Also, for a discrete dynamical eigenmode, Eq.
(26) has the solution

dra ¼ � lc
Brx̂a

d/a; (B20)

where x̂a ¼ xa � lxeðrÞ, and Eq. (B1) implies that dz�a
¼ �idv�z;a=x̂a. Applying these relations to Eq. (B19) leads directly
to Eq. (43).
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