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A simple model is presented of a finite length electron plasma column supporting a small amplitude
diocotron wave with mode numben=1. The electrons are contained inside conducting cylinders

in an axial magnetic field, with negative voltages on end cylinders providing axial containment. The
m=1 diocotron mode is thEX B drift orbit of an offset electron column around the cylinder axis,

due to radial electric fields from image charges on the wall. The model predicts that the mode
frequency will be higher than that of an infinitely long column dueétdrifts from the radial
containment fields at the plasma ends. The predicted dependencies on plasma length, radius, and
temperature agree well with experiments, where frequency increases upxt@g&sobserved. For

very short plasmas, these containment fields predominate over the image charge fields, and the
plasma orbit is called the “magnetron” mode. The shift in the magnetron frequency due to image
charges is also calculated. €998 American Institute of Physids$1070-664X98)02303-9

I. INTRODUCTION confined plasma length over the range2,<36 cm. The

Small amplitude diocotron modes are “surface” Wavescylmdr:ars have a unlform wall rzdlgs ﬁwf?-m cm. |
on magnetized electron columns inside conducting 1 N€ apparatus is operated in an inject-manipulate—

cylinders'? with density perturbationsSn(r)exdi(mé—k,z dllljmp cyclle. For injection, fylindﬁr A is b_riel;Iy erougdid’
—wh]. The mode withm=1 and k,~0 is particularly ~&llowing electrons to enter from the negatively biased ther-

simple, since it is just a displacement of the column off cen-Mionic source. The trapped electron column can then be ma-

ter. This mode is fundamental to manipulation and control innlpulated, and waves can be tr_ansml_tted and rec_e|ved using
charged particle traps, and also is easily measured and useftfictor _probes, which are _electrlcally isolated sgctlons_ of the
as a nondestructive diagnostic of the electron plasma.  Wall- Finally, the column is dumped by grounding cylinder
For long columns, then=1 mode is understood as an C: The electrons stream out along the magnetic field lines,
Ex B drift orbit resulting from the electric field arising from @nd measurement of the charge which passes through a
the image chargesn the conducting wall. Alternately, for moveable collimator hole gives tleintegrated electron den-

small, ellipsoidal charge clouds, the mode is thought of as éity Qq(r.t), which is related to the previously confined den-

drift arising from the radial component of the endnfine- sity n(r,z,t) by
mentfields, and is usually called the “magnetron” motle. o,
For finite length columns, both image and confinement elec- 2
tric fields are present, and we present a model which includes

both. Furthermore, we have compared the predicted fregnere A, = (0.16 cm} is the area of the collimator hole.

quency of this model to experiments, and find good agreerne charge on the endplate is also measured, so that the total

ment for columns with lengths longer than the diameter of, ;her of electrons in the columN,,, is known.

the containment cylinders. In addition, the model also pre- o plasmas studied here have electron density in the
dicts a significant variation of the mode frequency with range 16<n=10’ cm3, thermal energy 04T<4 eV

plasma temperature, which has also been verified by experjz i 0.95<R <2.8 cm. and magnetic fields 16®
ments. Finally, we present a calculation of the correction ta_ 4o Gauss.pFor these parameters, the individual electrons

the magnetron dee.Of an ellipsoidal cloud due to imageoounce rapidly along the magnetic fiellz, and the elec-
charges in the cylindrical walls. trons EX B drift more slowly around the plasma axis. We

will assume that the bounce frequenw,EWZLp, is large
Il. EXPERIMENTAL GEOMETRY compared to the rotation frequenay,=2mnedB. The ex-
C : . . ._periments presented here lie in the rangei2/v,=<80. In
A schematic diagram of a typical experiment is shown N e model, we assume thag/v, is large, so that the dynam-

Fig. 1. A uniform axial magnetic fieldz provides radial ic5 of the plasma will be that of a collection of essentially
confinement, and negative voltages applied to end cyllndersrigidn charged rods which move in ,6) due to EXB

A and C confine the electrons axially. By varying the numberyits in the electric field from all the other charged rods.
of cylinders in the containment region B, we can vary the For such a rigid column, the=1 diocotron mode has a

simple interpretation; it is simply a displacement of the col-
dElectronic mail: fdriscoll@ucsd.edu umn from the cylinder axis. The resulting image charges in

r,t) B
A —f n(r,z,t)dz, (1)

—e
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D-—]iransmitter Collimator across the column become significant. This problem has been
A B B c solved to order D/R,,)? for constant density columrsand
Ze 1 g the result is that the column distorts into an elliptical cross-
EN sz B l § section with the long elliptical axis pointed along thedi-
rection of motion. This nonlinear distortion causes an ampli-
|_|>Receiver tude dependence of the mode frequency, given by
FIG. 1. Schematic diagram of the cylindrical containment apparatus. fNL:f +f ( 1- Z(RP/RW)Z ) E) 2. (4)
T [1_(Rp/Rw)2]2 Rw

the wall then create a radial electric field which causes thd Nis nonlinear frequency shift has been recently obtained
column to drift around the cylinder axis. In the next section@nalytically for more general density profilesn the finite

we review the simple theory for this mode for a column with length model presented in the following section, we will ig-

no ends. nore terms of order/R,,) and higher. However, when we
compare this model to experiment, we will need to correct
lIl. INFINITE LENGTH THEORY for this quadratic variation of mode frequency with ampli-

_ _ tude, since the experiments are performed at finite amplitude.
Figure 2 shows an end view of an electron column offset
from the cylinder axis by distand@x. Assume that the col- |/ EINITE LENGTH MODEL
umn is infinite in length, cylindrically symmetric about its ]
axis, and has charge per unit length-oNe, where the “line Equation(3) suggests that ther=1 mode frequency can
density” isN=[2zrdrn(r)~ wR2n. From Gauss’ Law, the be used as a nondestructive measurbl oHowever, if both
pi ; _ . .
electric field outside such a column is identical to the field of N @nd them=1 frequencyf are measured in an experiment,
a single line charge located at the column center and alsth iS found thatf is significantly larger tharf.., sometimes

having charge—Ne per unit length. Therefore, the image PY @ much as a factor of two or three.
field is the same, and is known to be equal to that of a line NS frequency increase is caused by the extra forces
charge of +Ne charge per unit length located at radius from the containment fields. This is illustrated in the side

R2/D. ForD/R,<1, the field from this image charge at the view in Fig. 2. The infinite length theory includes only the
column is a uniform electric field in the-x direction of force F; due to the images acting in thex direction. How-

ever, there is also a fordg; in the +x direction due to the

magnitude containment fields. Like the image forEe, the containment
_ 2Ne forceF. is proportional tdD/R,,. This containment forc€ .
Ei_R?/D' (@ s localized at the ends of the column, but tie=1 fre-

" quency can be calculated from tBex B drift due to the total

This radial image charge field causesEx B drift in the 6 z-integrated force in the direction, Fio=F;+F., as
direction, and the column orbits around the trap axis at a

frequency f= CFiot (5)
cNe (_Ntote)BZ’]TD,
fm:FR@' (3)  where—Nyeis the total column charge. We ignore the col-

umn’s self electric fields, since the self forces cancel from
Note that this frequency is independent of the radial densit\ewton’s 39 Law.

profile of the column, and independent of the offSetThus, We are assuming that the columrriigid; that is, that the
the uniform electric field causes the column to orbit aroundbounce frequency of electrons along the magnetic field is
the cylinder axis, with no other density changes. This simpldarge compared to drift motions perpendicular to the mag-
result for the infinite lengttim=1 mode was first noted by netic field. This bouncing averages over theariations of
Levy* the containment force. Such a column will behave as if com-

However, whenD becomes large, the image chargeposed of a collection of rigid rods, each rod being an indi-
comes closer to the column, and the electric field variationgidual electron. When moved off axis, each rod will remain
straight and aligned with the magnetic field. This is tpe
positeto the assumption made in a previous paper by Prasad
and O'Neil! where the bounce frequency was assumed
small, and the columns could bend.

In addition, we ignore density changes at the ends of the
column. These density changes come about because the con-
finement fields are different at the off-axis position, so that
the length of the rigid rods will change. This effect is the
origin of “rotational pumping,” which causes damping of
End View Side View them=1 mode® We find that the frequency corrections due

. 2 . .
FIG. 2. Two views of an offset electron column: an end view and a side_to these den5|ty Chahges vary &,(R,)“, which we will
view of one of the column ends. ignore for this analysis.
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Finally, we make the experimentally reasonable assump- jo1

tions that the applied end confinement voltageis much Fe=2F.=D R, = Fic. (13
greater than the plasma potential, Mg>|® |, and that the
column is fairly long, i.eL,>R,. The first condition im- The containment force from one end must balance the

plies that the end of the column is far from the containmentyressure and electric forces acrosszhed plane that bisects

cylinder, so that we can approximate thevariation of the o column(see Fig. 2 Integrating over this plane gives
containment field as

E,.celoRw, (6)

wherejo;=2.405 is the first zero of thd, Bessel function,

and the minus sign applies to the left containment cylinder. o , , )
We first calculate the containment forée . When the We evaluate this integral for a uniform density profile, and

column is on axis, the net containment force on one end jgssume that the column length is long enough so that the
only in the z direction. When the column is displaced off- electric field atz=0 is the same as for an infinite column.
axis, one end will have in addition a force in thalirection: ~ Ye find that only the line densiti enters, as

E2

F§c=f dA( neT+ —|.
z=0

oy (14

Fil= fo d3x(—eng) 5E,, 7) F1=NT+N2e?

ne End

1 R,
Z + InR—p) , (15)

whereny(r,z) is the density when the plasma is on-axis, and hereT is the electron t N | fina thi it back
SE,(r,z) is the change in containment electric field due toVnere Is the electron temperature. Inserting this result bac

the column being off axis. The superscript 1 indicates forcé;[ t Eq't(f')’ V\{e now have an expression for the total con-
on one end only. For smald ainment force.
o7EXC aEyC+ IE,¢
ay az |’

jo1

101 +N2e?
R, NT+N“e

SE,~D

1 R,
—_ry |n—> } (16)

8 =
(8) F.=D Ry

where Laplace’s equation has been used. Combining these

two expressions, we have Next, we calculate the image forde,, on a finite length

column. For a length., of an infinite length column, the

JEye JE total image force in the direction would be
F§C=DJ d®x erb( + ZC). 9) g
One End iz
_ . o —2Ne » o D\[Lp
From symmetry, the first term on the right hand side is just =(—Ne) —2—L =2N“e . (17
RZ/D Ry | Ry
equal to—F}., s
1 3 E,c If this force is used in Eq(5), we will recover the infinite
FXC_ED d*x ey —-. (100 |ength frequencyf... For a finite length columr; will be
N K ¢ Ed6 bai somewhat smaller than this, because the fields from the im-
ext, we make use of Eq6) to obtain ages will spread at the column ends. It is easiest to calculate
IE,¢ jo1 what will be missingfrom F;., for a finite length column.
oz =R, C 11 Suppose we divide an infinite length, off-axis column
o ] into two pieces: one part from from=0 to z= —, another
Combining these last two expressions, we have fromz=0 toz=+. Let us calculatA\F’, , the force in the
1] x direction of the images of the left column acting on the
1 _ 01 3y(_ . . . .
Fxe= ER_DJO . dd X(—en)E,. (12)  right column. This force, times two for each end, will be
ne eEn

subtracted frontF;., to find the image force.

We recognize the integral as the containment force on one To do this calculation we use the Green’s function for
end in thez direction, F%C, so that including both ends, the charges in a grounded, conducting cylinder in cylindrical
total containment force in the direction is coordinates

4 0
G(x,x")= p J’o dk cosk(z—2')

l o0

(EIO(kr<)Ko(kr>)+ 2:1 I m(kro)Kp(kr<)cosm(6—6")

1 Ko(kR,) . (KR,) ) (18
R Ly Ko

5 Io(kR,) lo(kro)lo(krs 2 m(kRW) | n(Kr )1 n(Kr=)cosm(6— 0/))



604 Phys. Plasmas, Vol. 5, No. 3, March 1998 K. S. Fine and C. F. Driscoll

where | and K are the modified Bessel functions, and
r-(r-) indicate the largetsmallep radius of the source and
field points. The second term in the large brackets is due to
the image charges; note that only this term depends upon the
wall radius. To calculate the field of the images alone, we
separate out this term, defining the image Green’s function,
Gi(x,x").

Next, we reduce the two columns to two half infinite line
charges. There are two approximations here. The finite col-
umn size will have corrections to orderR,(/RW)2 and r/Rw
higher, which we ignore for this analysis. In addition, the piq 3 yeasured density profile witR,/R,=0.45 (solid line). Also
actual column ends are not flat, but are rounded. With thesghown are the measured temperatipisssesand the model profile used in
approximations, the potential due to the images of a lineur model calculationgdashed ling
charge extending frolm= —« to z=0 and off-axis in thex
direction byD, can be found by integrating ov&;(x,x’):

Density (10° cm™)
N w F.N ()]

-
1

1 ] 0
0.5

o

o

Ftot FC+Fi
0 _—————=
¢i(r,0,z):J dz’jdr’Jr'da’(—eN)ﬁ(a’) fe Fis Fie
jOl 1 RW T ]J RW)
8(r'=D =1+[— —+In —+—|—-0.671| —]. (29
(T)Gi(x,X’) 214" R, Né L,

Note that for a uniform density column, the temperature term

¢i. 4eN [» sinkz can be approximated a/Ne*~4\3/R5, usingN~7R2n
T T T 0 K and\3=T/4mwe?n. Thus, the temperature correction is less
important when the column is a “plasma,” i.e. whexy
1 Ko(ka)I T <R,. In the following section, we compare this formula to
2 To(kR,) okNTo(kD) experiments.
+ %H(kr)h(kmcosﬁ _ (19 V. COMPARISON TO EXPERIMENT
1

We have found that Eq24) predicts the measureuth
=1 diocotron frequency to within 5% for columns with
lengths <L ,/R,,<10. We find significant deviations for
lengthsL ,<2R,,, as would be expected from our approxi-
mations. We have varied the column radii over the range
0.25<R,/R,<0.73, and the column temperatures over
0.4 eV<T<4 eV, giving 0.2K\p/R,<0.85.

To obtain columns with different radii, the bias voltage
on the filament was varied, with the column radius increas-
ing as the bias becomes more negative. Also, the plasma

Here, ¢;., is the potential of an infinite length column, and
we have eliminated all terms of ordeb(R,,)? and greater.
Now we calculateAF}; for a column at9=0:

o (7 .
AFiizf dz(—Ne) 21, (20

0 or
Using Eq.(19) for ¢;, along with the small argument expan-

sions forly andl ;, we find after some variable substitutions:

2,2 -
A,:)l(i:N e’D lim {b—i j du<K0(u) + Kl(u)) profile was “smoothed” using magnetic tilt transport: the
Ru el 7T Jo lo(u) ~ 14(u) magnetic axis was tilted by 8~ 1072 rad for a few tenths
of a second, then re-aligned. This has the effect of “mixing”
X (1—cosub) |. (21  the column, so that it has a more uniform density and tem-
perature. The resulting electron density profile is shown in

The above expression can be evaluated numerically to findFig' 3 It can be seen that th'e colgmn has nearly uniform
density forr =2/3R,,, with density falling off almost linearly

1 N2e?D for r=2/3R,. We defineR, to be the point where the den-
AF;i=0.67% Ry ' (22 sity decreases by one half, so that we model the density as

. ) . ] ] the dashed line in the figure. The plasma temperature is also
and we use this expression to finally obtain the image forcepotted in Fig. 3, and it varies from 1.31 eV to 1.41 eV, with

R, an average of=1.35 eV.
FizFim(l—O.GYJL—). (23
P

Once the plasma column has been prepared, the dio-
cotron mode is excited by applying electric pulses of oppo-

For largeL ,, the image force approaches the result for ansite sign to two sector probes 180° apart. The pulse duration

infinite column, as expected.
Finally, we can calculate thésmall amplitude finite
length frequencyf of the mode with corrections due to the

is short compared to the diocotron period, so the column is
driven radially outward. The column then orbits at fixed ra-
dius at the diocotron mode frequency. The amplitude of the

end confinement fields and due to the reduced image chargeode can be varied by changing the duration and amplitude

force:

of the pulse.
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FIG. 4. Measuredn=1 frequency versus column radi(ghown as points FIG. 5. Measuredn= 1 frequency versus electron temperature, for plasmas
compared to our model E¢R4) (solid line). Also shown are our model with ~ with 3 different radii. The model of E¢24) is shown by the solid lines.
T=0 (dotted ling, and the predictions of the theory of Prasad and O’Neil

for “nonrigid” plasma$ (dashed ling

k,~0 diocotron mode and the Landau-damped 0 plasma

To obtain the small-amplitude mode frequentya se-  modes could perhaps be addressed with experiments on pure
ries of measurements are taken at different amplitudes. Thign plasmas, which tend to be in the floppy regime.
finite amplitude frequencyf,, and amplitudeA, are mea- As an erratum, we note that the correspondence sug-
sured from the received sector probe signal, and 100 shotsested by the original comparis@rof these measurements
are averaged at each amplitude. The small amplitude freyith the theory of Prasad and O’Neil was erroneous: in Fig-
quency f is then obtained from a fit tdx=f(1+BA%,  ure 5.5 of Ref. 10, an “inverted” length factor was used in
whereg andf are fit coefficients. calculating the theory, so the displayed theory curve is too

To measure the number of electrons per unit lenijth, |ow by a factor of (1‘RW/Lp)2=(10/8)2- Our realization
we use a Gauss’ Law probe. This is simply one cylindricalthat the theory of Prasad and O’Neil is not applicable to the
electrode in the containment region that is connected to aBxperimental regime of,> v, led to development of the
amplifier. When the electrons are dumped axially, a voltageyresent model.
of magnitude Q/C appears on this electrode, whe@ We have also measured the variation of frequency with
=—eNLg, L. is the electrode length, ar@ is the electrode temperature, as shown in Fig. 5. The temperature is varied by
capacitance to ground. Care must be taken that this electrodating the column by alternately compressing and expand-
is well away from the column ends, and that the resultinging its length for a few cyclet By varying the number of
voltage does not trap electrons. The total number of elecheating cycles, the temperaure can be increased by controlled
trons, Ny, is measured by the collimator and collector elec-amounts. Data taken for three different column radii show
trodes, as described previously. The plasma length can theflose agreement with the model, with the largest frequency
be estimated front,= Nc/N. deviations being 4% of.,. The measurements were taken at

Figure 4 plots the measurddmall amplitudg frequen- g magnetic field of 376 G, with column lengths varying from
ciesf/f., versusR,/R,, obtained at a magnetic field of 188 6.9R,, to 8.R,, .
G. For these experimentSjt is difficult to vary one param- Finally, we have measured the variation of frequency
eter alone. In Fig. 4, the length changes fromB,3to 10.2  with column length. This measurement is somewhat more
Rw. and the plasma temperature varies from 0.5 eV to 3.Znvolved than the previous ones. The Gauss’ Law technique
eV asR, is varied. Nevertheless, for each column, we uses not accurate for the shorter lengths, because the measure-
the measured values &,, L,, N and T in Eq. (24) to  ment electrode must be away from the column ends. Rather,
calculate the predicted frequency for each experimentale obtain the length from anr(z) solution of Poisson’s
point, then connect the calculated points by straight linesequation with the measured-integrated charge profile
The agreement with the model is quite good, with the bigges,(r), the measured temperature profilgr), and the

discrepancy being 3% df. . known boundary conditions. To obtain the electron density
Figure 4 also compares the data to our force-balanc@(r,z), we assume

model withT=0, and to the cold fluid wave-coupling model

of Prasad and O’Nefl.The T=0 curve is substantially be- n(r,z)=n(r,0)exd e(¢(r,z) — ¢(r,0))/T(r)]. (25

low the data, because the thermal pressure on the ends is a

significant fraction of the electrostatic pressure: for the nardin essence, this assumes that the electron plasma is in local
row, low density plasma withr, /R,=4, we obtainT/Ne?*  thermal equilibrium along each field line. We use a computer
=0.6. The Prasad and O’Neil wave-coupling theory predictode to obtain the self-consistenfr,z) and ¢(r,z) given
about twice the measured frequency shifts, and is apparentthe measured,(r), T(r) and wall potentials¢(Ry,,2).

not applicable for these experiments: the theory implicittyOncen(r,z) has been obtained, we define the central line
assumes a “floppy” plasma withv,<v,, whereas the ex- density byN=[d?r n(r,z=0).

periments are on “rigid” plasmas withv,=v,. The ques- In addition, the magnetic field tilt transport only works
tion of whether significant coupling can occur between thefor the longest columns, so the short columns must be first
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3 An__;._E_._;_ ™—TrT .,.’ ™1 T T ] 2 ( r )
i ¢ Expts p (r,2)=
w? 25} Eq. 24 // > 3 Pl =1 Jond l(Jon) Jo JonR
: . T=0 P ld E ,
2 ‘_@W _______ 3 X COS.‘( J on ) e lonleRw, (27)
A G Ly ] Ru
15F 2 T - . where— V. is the confinement potential at the two ends, and
F ] jon is then-th zero of thel, Bessel function. Note that Eq.
1 — : (27) is only valid in the range-L/2<z<L/2. Near ¢,z)
0 0.5 1 1.5 2 - . ;
R /L =0, the potential behaves as Eg6) with
— Ve jon fonL/2Ry
FIG. 6. Measuredn=1 frequency versus column lengghoints, compared a= R_fv = Jl(Jon) T ¢ 1. 15F\’_ R, (28)

to our model Eq.(24) (solid line). Also shown are our model witfi=0
(dotted ling, and the predictions of the theory of Prasad and O’Neil for where the apprOX|matlon is valid in the |In1.LT/R 0.

“nonrigid” plasmas (Ref. § (dashed line The image charge potential will add to the confinement
potential. From symmetry, the images will not result in any
net force in thez-direction for uniform radius cylinders, and

tilted while long, then cut axially. This cutting process inevi- the harmonic oscillation iz will not be changed. There will

tably results in columns that are not as uniform in density abe a radial electric field from the image charges, and we

those plotted in Fig. 3. calculate this using the part of the Green’s function due to
Figure 6 shows the measured dependence of the didgmages[Eq. (18)]. For a chargeQ offset from the axis by

cotron frequency on plasma length,. For columnsL, distanceD, the image potential &#=0, z=0 is

=2R,,, the comparison to the present model is good, with ,

the largest variation from the model being about 5% of (f’i(r):f dz,f dr,f r'de'Qs(0") ar'=0)

The variation is up to 10% for the shorter length columns. Of D

course, the model assumes that the columns are long, so that

) . : X 8(2')Gi(x,x")
the end confinement fields do not overlap at the axial center.

How much of the disagreement comes from the breakdown 4 0( Ry)
in the model as compared to the less “square” radial profiles - dk 21 (kRW) lo(kr)lo(kD)
is not known.
K1(kRy)
+———1,(kr)1(kD)|, 29

VI. THE MAGNETRON MODE INCLUDING IMAGE where the approximation is valid to first order iDAR,).

FORCES Using the small argument expansion fgrandl, we find
There have been a number of experiments in recent Ko(KR,)

years that trap very smallR,<R,) and very short I, di(r)= o; (O)—— [—r f dk k2 K

<R,,) charge cloud$? In this limit, the radial confinement lo(kRw)

force dominates then=1 orbital motion of the cloud, and Ki(KR,)
the image charge forces are typically not even included in +er dk k2 (kRW)} (30
the calculation of the frequency. However, this situation is

really just the opposite limitl{ <R,,) of the columns already where ¢,(0) is a constant.

considered, and the image charge electric fields will appear The integrals can be evaluated numerically to obtain
as additional forces which increase the magnetron frequency.

2
Here, we derive the frequency shift due to these image bi(r)~,(0)— Q3 0.6469— +2.5033D |. (31)
charges. 7Ry, 2
Consider a small cloud of electrons contained in cyIin-FinaII them=1 frequency can be calculated from
drical geometry where the length of the grounded sedt®n y q y
in Fig. 1) is short. Assume that the cloud has total charge cE, c dpe I
Q= —eNy, and that the cloud is small enough that we can T~ 2.DB 2#DB ar
consider it to be a point charge. The confinement potential r=b
near the trap center will have the form c L -Q)
) 5 1. 15——+1 002F—7—|. (32
be(1,2)= $o(0,0)— a(22— (1/12)r?), (26) “27B|TTRIR, Ry

where the factor of 1/2 in front af? is necessary to satisfy Here, we see that the confinement force is proportional to
Laplace’s equation. The charge cloud orbits the trap axis du¥,, while the image force is proportional to total chai@e

to the magnetron motion, and may also oscillate harmoniunlike the case of a long column.

cally in z. For a cylindrical wall, the coefficien&x can be This image charge correction may be 1% even for a
calculated by expanding(r,z) in a Bessel expansion modest number of charges. As an example, considér 10
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